Results of a nwnericaI study of synchronisation of two directly modulated semiconductor lasers, using bi-directional coupling, are presented. The effect of stepwise increase in the coupling strength (C) on the synchronisation of the chaotic outputs of two such lasers is studied, with the help of parameter space plots, synchronisation error plots, phase diagrams and time series outputs. Nwnerlcal results indicate that as C increases, the system achieves synchronisation as well as stability together with an increase in the output power. The stability of the synchronised states is checked by applying a perturbation to the system after it becomes synchronised and then noting the time it takes to regain synchronisation. For lower values of C the system does not regain synchronisation. But, with higher values synchronisation is regained within a very short time.
Introduction
Chaotic synchronisation is one of the extensively studied areas of research, in the last few years [1] [2] [3] [4] [5] [6] [7] because of its potential applications in the field of private communication [8-13J . Synchronisation can also be effectively employed for the control of chaos in different dynamical systems [14] [15] [16] [17] [18] [19] . Different methods like occasional coupling [20] , uni-directional coupling [21, 22] , etc. have been recently shown to induce synchronisation between chaotic systems. Feedback methods are also widely used for synchronisation pur- poses [23, 24] . Synchronisation of various lasers have been achieved in various studies recently [25] [26] [27] [28] . A method of bi-directional coupling has been recently used to stabilise or control the chaotic outputs of directly modulated semiconductor lasers [29] . This scheme is used here for synchronising the outputs of two such lasers starting from two different initial conditions. Such lasers have several practical applications in high capacity information transmiSSion, ultrafast optical processing and high-speed pulse generation [29] . Since InGaAsP lasers are widely used in optical communication systems, synchronisation of two such lasers wiU be of practical value. Theoretically, it has been shown that the present system exhibits chaos for certain range of parameter values. This has been validated experimentally as well {30-32]. Several investigators [33] [34] [35] spontaneous emission factor, Auger combination factor and the nonlinear gain reduction factor. Suppression of chaos in the output of such lasers has been achieved by two different methods in [29] and [35] . The present study shows that two such lasers can be synchronised and at the same time can be brought to stability together with an increase in the output amplitude. The Letter is organised as follows. Section 2 contains a general formulation of the method of bidirectional coupling. Section 3 presents the results of the numerical study of the dynamics of the coupled system. The last section contains our conclusions.
Laser model
Semiconductor lasers with direct current modulation can be well represented by the following rate equations governing the photon density (P), carrier density (N), and driving current (I) [35] :
where le and lp are the electron and photon lifetimes, Nand P are the carrier and photon densities, I is the driving current, fJ = no/nth, s = ENLSo arc dimensionless parameters where no is the carrier density requiredfortransparency,nth = (re/lb/eV) is the threshold carrier density, em. is the factor governing the non linear gain reduction occurring with an increase in S, So = F(lp/le)ntb., lib is the threshold current, e is the electron charge, V is the active volume and r is the confinement factor. Ib is the bias current, Im is the amplitude of the modulation current, fm is the modulation frequency and (3 is the spontaneous emission factor. Coupling is done by adding a current proportional to the output power of the first laser to the input of the second and vice versa. Initially the two lasers are set to operate at slightly different regions of the phase space. The rate equations governing the processes are [29] dNI_I{(h)
86 (6) (7) (9) where C is the coupling strength. NI and PI refer to the carrier and photon densities of laser I and N2 and P2 to the same quantities of laser 2. The parameter values arc so chosen that they match with those for InGaAsP, and also in the range where the outputs will be chaotic. The parameter values are as used in [35] .
so that the outputs will be chaotic without coupling.
Results and discussion
The rate equations (4}-{9) are solved numerically using the fourth-order Runge-Kutta method with step size in the picosecond range. The parameter space plots PJ vs. P2 are drawn for each value of the coupling strength C. The use of a parameter space plot for checking the synchronisation has been used earlier [36] . The parameter space plot shows no synchronisation between the two outputs for low values of coupling strength such as C = 1 and 2.
From C = 3 onwards, the outputs PJ and P2 get synchronised (Figs. l(a) and (b». For a confirmation of the above points, the synchronisation error between the outputs PI and P2 (i.e., error = IPI -P21) is calculated and plotted against the corresponding time. These graphs can be used for finding out the synchronisation times also. For low values of C the initial error increases to very high values and remains high even in the long run. This indicates lack of synchronisation between PI and P2. As C increases, the error. even though initially grows to slightly high values. soon decays off to zero within a few nanoseconds. The decay of error becomes faster with an increase in the coupling strength. These are evident from Figs. 2(a) and (b) .
The time series of the outputs of the two lasers for different C values are shown in Figs. 3(a) and (b) .
8r----------------, 8 .,. With further increase of C. the phase diagrams start getting defonned and with C = 26, the pbase diagrams becomes a single closed curve withoul the notch that was prescnt fo r small values of C (Fig. 4 (e». This confinns Ihe suppression of the double peak structure. A reverse period doubling route to stability and a suppression of the double peak, and a high increase in the output power are apparent here. Above all, there is synchronisation between the two outputs at all these stages of the system dynamics. It is due to the tenns C PI and C P2 in Eqs. (6) and (9) that synchronisation, reverse period doubling and suppression of the second peak are achieved. All these and an increase in the output power are obtained by giving a bi-directional coupling between the two lasers.
The double peak within a single modulation period has been explained as a manifestation of relaxation oscillation which gets damped by an increase in c. the term governing non linear gain reduction, which also eliminates the pcriod doubling as well (35) . There, the double peak structure and period douBling were Pz at C = 26 given in Fig. 3(e) shows the increase in the output power.
To cbeck the slability of the synchronised stale, we perturb Ute system. After eliminating the transients, when the error becomes small so tha t the system 88 can be considered in synchronisation. PI and ~ are externally changed. The crror !PI -PJI is made as large as it was in the beginning. This is done for each value o f coupling strength and the corresponding error plots are taken. Since for C val ues less than 3, the system never achieves synchronisation. art ificial perturbation is not applied in this range. From C ::: 3 onwards, perturbation is applied when the two outputs are in synchronisation. The corresponding error plots 
Conclusion
The above studies show that by the method of bidirectional coupling, we can suppress chaos and the double peak, and have synchronisation between the two outputs together with a high increase in the output power. The bi-directional coupling scheme brings forth a variety of dynamical behaviour from the system and is therefore a very interesting system for further investigations. Acknowledgement v.s. wishes to thank CUSAT, Cochin for financial assistance through a junior research fellowship, and 
